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Phase and polarization: the basics

Maxwell equations admit plane wave solutions. 
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Polarization experiment usually involves mesurement times of a very high number of

cycles so that the common overall phase can be removed

For quasi-monochromatic light.
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Phase and polarization: the basics

The Jones vector is defined as 
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3 parameters are enough to

describe complete polarization
Phase

• The Jones matrix is a 2x2 complex matrix that can multiply the Jones vector 

• Of particular interest for this presentation is the Jones matrix of a linear retarder that introduces a 

different retardance for x and y polarizations.
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Phase and polarization: the basics

The Jones matrix of a linear retarder is
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Sometimes this is also written as:
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Stokes vectors and Poincaré Sphere
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Poincaré sphere: 

from Wikipedia
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The quantities S0, S1, S2, 

and S3 are the 

observables of the 

polarized field



Stokes vectors and Poincaré Sphere
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No depolarization:
222 VUQI ++=

Stokes vectors can also be written in spherical coordinates
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Stokes vectors and Poincaré Sphere
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Phenomenological description of 

any scattering experiment 

Linear transformations of Stokes vectors are described by Mueller matrices 

Contains no phase information
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Only real numbers!
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Fresnel-Arago Interference Laws

F. Arago and A. Fresnel, “Mémoire sur l’action que les rayons de lumière polarisée 

exercent les uns sur les autres,” Ann. Chim. Phys. 10, 288–305 (1819)

(derivation of the laws of interference and polarization)

Much of the concepts about polarization and interference were fully described before

electromagnetic theory was developed

Francesc Aragó (François 

Arago) 1786-1853
Augustin Jean Fresnel 

1788-1827
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Fresnel-Arago Interference Laws
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Fresnel-Arago Interference Laws
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1. Two linearly polarized light waves of orthogonal polarizations do not 

interfere. 

2. Two linearly polarized light waves of identical polarization interfere. 

3. Two linearly polarized light waves of orthogonal polarizations 

obtained from a natural (unpolarized) light source do not interfere 

if brought to common linear polarization. 

4. Two linearly polarized light waves of orthogonal polarizations 

obtained from a linearly polarized light source interfere if brought to 

common linear polarization.

15
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Fresnel-Arago Interference Laws
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Double refraction in calcite, 

Iceland spar

16
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Fresnel-Arago Interference Laws
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Plane containing the two 

beams and the optic axis of 

calcite

The experiment of Fresnel and Arago

17

Only the ordinary wave satisfies

the “usual” Snell law.
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The experiment of Fresnel and Arago

Beam 

superposition but

no interference

Polarizer at 45o

Interference?

18



Fresnel-Arago Interference Laws
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The experiment of Fresnel and Arago

Beam superposition but

no interference for

natural (incoherent) 

light

45o45o

19

45o



Fresnel-Arago Interference Laws
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Young experiment with orthogonal 

polarizers
Calcite experiment (split in H and V 

components)

Analogy

20

Young’s interference experiment is from 1799



History of polarization of light 
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Rasmus Bartholin

Observed double

refraction (but not

explained in terms of

polarization)

Iceland Spar (calcite)

1669 1808

Polarization of

light by

reflection

Malus Law

1819

Arago and Fresnel 

postulate the laws of

interference and 

polarization

now
1956

S. Pancharatnam discovered 

a geometric phase for 

polarized beams passing 

through crystals

21



3 Pancharatnam theory of interference
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Pancharatnam theory of interference
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Wesbite where you can find all

publications of S. Pancharatnam while he 

was in India:

http://www.rri.res.in/htmls/library/raman_er

a/Publications/ps@rri.html

Shivaramakrishnan Pancharatnam (1934–1969)

• He died with only 35 years

23



Pancharatnam theory of interference
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Pancharatnam theory of interference
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Pancharatman essentially studied the same type of problem that Fresnel and Arago had studied more 

than 100 years earlier but instead of using calcite, he used a more complex biaxial absorbing crystal

Fresnel-Arago S. Pancharatnam

No 

interference!

Absorbing biaxial 

crystal

The output states

are not ortogonal. 

Some

intereference is

seen

25



Pancharatnam theory of interference
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Pancharatman made two essential findings:

1. How does one define a phase difference between two light waves which are in different

polarization states?

Pancharatnam concluded that the phase difference between two beams is the phase change which

when applied to one of them maximizes the intensity of their superposition

26

This is sometimes

called the

Pancharatnam

Connexion



Pancharatnam theory of interference
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Pancharatman made two essential findings:

1. How does one define a phase difference between two light waves which are in different

polarization states?

Pancharatnam result can be expressed with the complex scalar product as: 

Phase difference between and            A B = arg A B

Example 1: Consider the Jones vectors
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They are not in phase
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Pancharatnam theory of interference
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Pancharatman made two essential findings:

1. How does one define a phase difference between two light waves which are in different

polarization states?

Pancharatnam result can be expressed with the complex scalar product as: 

Example 2: Consider the Jones vectors
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Real result

They are in phase!
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Phase difference between and            A B = arg A B



Pancharatnam theory of interference
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Pancharatman made two essential findings:

2. If a beam of light is taken along a closed circuit on the Poincaré Sphere, the beam acquires

an extra phase equal to half the solid angle subtended by the closed circuit.

(in fact this statement is more general than what Pancharatnam wrote)

'A B C A→ → →

1
' exp

2
ABCA A i

 
= −  
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Pancharatnam theory of interference
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Parallel transport: at each step, keep the vector as 

aligned to the previous one as possible.

The blue vector is rotated by an angle which is equal 

to the solid angle subtended at the center enclosed 

by the loop: geometry of the space.

B. Goss Levi, Phys. Today 46, 17 (1993).



7

• 1 is in phase with 3

• 3 is in phase with 5

• 1 is not in phase with 5/7

Lines which are straight on a sphere (or other 

surfaces) are often called geodesics.

Note that

30



Pancharatnam theory of interference
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The “rediscovery” of Pancharatman work

S. Pancharatman works had little or no impact at the time they were published. They were
“rediscoved” in 1986/1987 after M.V Berry had published in 1984 a phase change for slowly 

cycled quantum systems

This is the reason why geometric pase in optics is often referred as Pancharatnam-Berry (PB) phase.

M. V. Berry from
wikipedia

31



Pancharatnam theory of interference
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All this seems complicate…

But the good part is that Jones calculus keeps always track of this geometric phase. We do not need to 

be good at geometry to take it into account.

Example: 

4
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Consider the following transformation:

Linear polarization Circular polarization

QWP at 45º
Linear polarization again

Rotating linear 

polarizer

2

2

cos sin 1 0 cos sin cos cos sin

sin cos 0 0 sin cos cos sin sin
rotated
polarizer

      

      

−     
= =     

−     
J
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Pancharatnam theory of interference
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Linear polarization
RH

Circular polarization

QWP at 45º
Linear polarization at an angle

Rotating linear 

polarizer

2

45 2

1 1 1 coscos cos sin

0 1 0 sincos sin sin
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rotated QWP
polarizer
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e
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Linear polarization
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Linear polarization at an angle
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Rotating linear 

polarizer



Pancharatnam theory of interference
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H Linear 

polarization

RH Circular 

polarization

QWP 

at 45º
Linear 

polarization

at an angle

Rotating

linear 

polarizer

H Linear 

polarization
LH Circular 

polarization

QWP at 

-45º Linear 

polarization

at an angle

Rotating

linear 

polarizer

2φ

Note that the azimuthal angle on the Poincaré sphere 

is double the orientation angle of the polarizer

34



Pancharatnam theory of interference
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2φ

The solid angle enclosed by these paths is

Note that the azimuthal angle on the Poincaré sphere 

is double the orientation angle of the polarizer

1
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The same is verified using Pancharatnam connection:
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Pancharatnam theory of interference
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The Pancharatnam phase is just one example of a general mathematical phenomenon which is mirrored in 

different physical contexts. Stated in common language, it seems that one does one’s best to see that 

something (the phase of a polarised beam in this case) does not change, but when one comes back to 

the starting point after a circuitous journey, it has changed. One example is from a story by Jules Verne. The 

eccentric Englishman, Phileas Fogg travels around the world, keeping careful track of days since he has 

staked his entire fortune on a bet to finish the journey in eighty days. Since he arrives a few minutes too late 

after seeing eighty sunsets, he assumes he has lost the bet. But his resourceful companion, Passepartout, 

(naturally a Frenchman in Verne’s novel!) finds out that in London, only seventy nine days have passed, 

and Fogg is able to win his wager after all, and marry his Indian bride as well

R. Nityananda, “The interference of polarized light”, Resonance April 2013, page 321 

• A beautiful comparison

36



4 Metasurfaces and geometric phase optical 
elements
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Metasurfaces and geometric phase optical elements
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Consider the Jones matrix of half wave (HWP) retarder
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Now we rotate it by an angle 
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Metasurfaces and geometric phase optical elements
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Let’s study what happens when this Jones matrix is projected on a Stokes vector of circular polarization

A phase that depends on the 

orientation angle appears

This can have a technological relevance if ( , )x y

A wave will be subjected to a transversely inhomogeneous polarization 

transformation that will produce a waveform reshaping depending on the 

polarization of light, opening the possibility for the so-called Pancharatnam-

Berry phase optical elements

39



Metasurfaces and geometric phase optical elements
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For comparison purposes we can do the same calculus using the Stokes-Mueller formalism

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1
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 −
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• A half wave plate

• A rotated half-wave plate
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As expected, the

phase is not visible 

in this formalism
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Metasurfaces and geometric phase optical elements

Oriol Arteaga Séminaires en sciences physiques, Université de Moncton

First we consider a HWP at 45º acting on a beam

of left circular polarization

What is the effect of the rotated HWP on the Poincaré Sphere?

Second we consider a HWP at 45º+φ acting on a 

beam of left circular polarization

Example:

2
1

Geometric Phase 2
2

=  =

2
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Metasurfaces and geometric phase optical elements
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How does a regular lens or a grating work?

As the wave hits the lens, it is the centre of the wave 

that meets the glass first and so this part of the wave 

is slowed down first. The outer portions of the wave 

’catch up’ so increasing the curvature to form a 

converging beam

They produce phase changes due to thickness changes

A transmission grating is a periodical

structure with steps (binary here) that

diffracts light

42
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What is the effect of a GP optical element?  A wavefront reshaping that depends on the orientation, 

not on the thickness. A GP optical element can be flat!
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It is possible to rewrite the Jones matrix of a rotated retarder as follows

2 2cos2 sin 2 1 cos2 1 1

sin 2 cos2 0 sin 2 2 2

i ie e

i i

   

  

−        
= = +        

− −        

What happens if we send light with a polarization that is different from circular?

The opposite signs of the phases split into the two

orthogonal circular components

2 2cos 2 sin 2 1 1 0 1 1 0

sin 2 cos 2 1 0 1 1 0 12 2

i ii ie e

i i

  

 

− −       
= +       

− − − −       
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Photo by 
Hana Bendada
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This experiment is a good experimental illustration of something that theoretically presented in many

Physics courses: any beam of light can be resolved into its circular components (in other words, one can 

use the circular basis to describe any polarization problem) 
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We discuss now the existence of a leakage wave. We consider a retardance different from п
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( )/2
cos sin cos sin 1 0 cos2 sin 21 1

'
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Leak term(independent from     )  Wavefront reshaping

More info: Arteaga, O.; Bendada, H. Geometrical Phase Optical Components: Measuring Geometric Phase 

without Interferometry. Crystals 2020, 10, 880.
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Commercial GP optical components studied with Mueller matrix microscopy
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The GP optical component is usually made from the polymerized liquid crystal (LC) where the 

orientation state of the LC director induces the phase variation

Multiple layers makes the half wave retardation more achromatic

From: https://imagineoptix.com/ 

51
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What about higher diffraction orders?

From: https://imagineoptix.com/ 

A sinusoid grating does not generate higher order diffraction orders

52
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More sophisticated designs: Controlling not only the phase angle point by point, but also the 

amount of retardation.  This adds an extra degree of freedom.

Metasurface with TiO2 Pillars with shape anisotropy

J. P. BALTHASAR MUELLER, Noah A. Rubin, Robert C. Devlin, Benedikt 
Groever, and Federico Capasso. 2017. “Metasurface Polarization
Optics: Independent Phase Control of Arbitrary Orthogonal States of
Polarization.” Physical Review Letters, 118, 11, Pp. 113901.
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5. One more thing
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History of polarization of light 
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Rasmus Bartholin

Observed double

refraction (but not

explained in terms of

polarization)

Iceland Spar (calcite)

1669 1808

Polarization of

light by

reflection

Malus Law

18191822

Agustin Fresnel coins

the terms “circular 

polarization”, 

“elliptical

polarization” and “ 

linear polarization” 

now
1956

S. Pancharatnam discovered 

a geometric phase for 

polarized beams passing 

through crystals
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History of the circular polarization of light 
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➢ Double refraction

What was known in 1820

Linear polarization (the only known type of “polarization”)

➢ Light as a transverse wave

After two total internal reflections

light seemed “depolarized”

A. Fresnel, "Mémoire sur les modifications que la réflexion imprime à la lumière 

polarisée" ("Memoir on the modifications that reflection impresses on polarized light"), 

10 November 1817,

Circular polarization

was not yet

understood!!
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History of the circular polarization of light 
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In the last part of the memoirIn the last part of the memoir
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History of the circular polarization of light 
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Fresnel’s quartz triprism, the circular double refraction

A=76o

Note that the effect look similar to a geometric phase grating
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Quartz polyprism of

the Museum of the

École Polytechnique
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History of the circular polarization of light 
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Beam deflection vs wavelength

O. Arteaga, E. Garcia-Caurel, and Razvigor Ossikovski, Opt. Express 27, 4758-4768 

(2019)
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Summary
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Polarized light can be split into components

  

    

 

 

 

 

     

  

  

 

 

 

 
 

With anisotropic/optically active materials in 

which the index of refraction depends on the

polarization

With metasurfaces in which the sign of

the geometric phase depends on the

polarization



Thank you!
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oarteaga@ub.edu

www.mmpolarimetry.com
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