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Preface

This sensitivity is usually referring to its 

capacity to detect small changes in the 

thickness of thin films

Ellipsometry is on most occasions 

regarded as a “very sensitive” optical 

technique
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Preface

Si
Si with 1 nm SiO2

Si with 3 nm SiO2

Si with 5 nm SiO2
Si with 10 nm SiO2
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Preface

Of course, this is far from being new

1850 Jules Jamin

Jamin’s ellipsometer design with a Senármont compensator, was already commercial during the XIX century!

Ellipsometry was so sensitive to the overlayers, that 
Jamin found he could not fully verify Fresnel’s equations
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Preface
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Preface

Reflection on SiO2

Reflection on SiO2 with n 
increased by 0.05

But in other types of measurements ellipsometry is not intrinsically so sensitive 

Many applications of ellipsometry demand highly sensitive instruments: optical constants, anisotropy, optical activity…
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Outline

1. From intensities to Mueller matrices

2. Optimizing a dual rotating compensator MM ellipsometer

3. Optimizing a 4-photoelastic modulator MM ellipsometer

4. Spatial dispersion in Si (a challenging measurement)
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1. From intensities to Mueller matrices
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1. From intensities to Mueller matrices
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( )

,000 01 02 03

,110 11 12 13

,0 ,1 ,2 ,3

,220 21 22 23

,330 31 32 33

n

n

n n n n n

n

n

gm m m m

gm m m m
I a a a a

gm m m m

gm m m m

  
  
  =
  
  

   

T

n nI = W M

 0 0 0 1 0 2 0 3 1 0 1 1 1 2 1 3 2 0 2 1 2 2 2 3 3 0 3 1 3 2 3 3
n

n n n

T

Kron a g a g a g a g a g a g a g a g a g a g a g a g a g a g a g a g=  =W A G

 00 01 02 03 10 11 12 13 20 21 22 23 30 31 32 33

T
m m m m m m m m m m m m m m m m=M

n is the number of intensity 

measurements at the detector 

(usually as a function of time)
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1. From intensities to Mueller matrices

T

n nI = W M

=I WM

The full collection of measurements can be described by:

The n-th measurement

Data processing in an ellipsometer is the inversion of this equation

+=M W I
1( )T T+ −=W W W W

Optimal (least-squares) data reduction

Moore-Penrose pseudoinverse Fourier analysis of the detected signal

Applicable ALWAYS
Applicable for periodic “channeled” signals

Mueller matrix elements calculated from 

Fourier coefficients

W is a matrix of n 

rows and 16 columns
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1. From intensities to Mueller matrices

R. M. A. Azzam, "Photopolarimetric measurement of the Mueller matrix by Fourier 

analysis of a single detected signal," Opt. Lett. 2, 148-150 (1978)

T

n nI = W M

As  dot product As Fourier coefficients

O. Arteaga et al., "Mueller matrix microscope with a dual continuous rotating 

compensator setup and digital demodulation," Appl. Opt. 53, 2236-2245 (2014)

Example: detected intensity for a dual rotating compensator system
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2. Optimizing a dual rotating compensator MM ellipsometer

The optimization has been discussed in many works. 

Retardance

+=M W I
1( )T T+ −=W W W W

132 

det( )T
W WMaximize the determinant 

Minimize the condition number

Angles

Discrete rotation Continuous rotation
(Speed ratios 5:1 or 5:3)
Better for many 
sampled intensities

Better for  a small 
number of sampled 
intensities

cond( ) +=W W W

Optimal value

S. Bian, C. Cui, and O. 

Arteaga, "Mueller matrix 

ellipsometer based on 

discrete-angle rotating Fresnel 

rhomb compensators," Appl. 

Opt. 60, 4964-4971 (2021)
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D. S. Sabatke et al. , "Optimization of retardance for a complete Stokes 

polarimeter," Opt. Lett. 25, 802-804 (2000)
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2. Optimizing a dual rotating compensator MM ellipsometer

* Achromatic waveplate according to the design 

of Honggang Gu et al 2016 J. Opt. 18 025702
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S. Bian, C. Cui, and O. Arteaga, "Mueller matrix ellipsometer based on discrete-angle 

rotating Fresnel rhomb compensators," Appl. Opt. 60, 4964-4971 (2021)
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2 Optimizing a dual rotating compensator MM ellipsometer

Subiao Bian
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3. Optimizing a 4-photoelastic modulator MM ellipsometer
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O. Arteaga, J. Freudenthal, B. Wang, and B. Kahr, "Mueller matrix polarimetry with four 

photoelastic modulators: theory and calibration," Appl. Opt. 51, 6805-6817 (2012)
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3. Optimizing a 4-photoelastic modulator MM ellipsometer
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For almost ten years we have been using a non-optimal acquisition caused by the “common” 

approach of expressing the detected intensity in Fourier components

For this system the complete Fourier expansion 

includes an infinite number of harmonics 

Mueller matrix determination 
was based on a subset (16) of 
harmonics 

=I WM

+=M W I

1( )T T+ −=W W W W

Avoid the Fourier analysis!

The elements of W do not 

need any particular form and it 

is always the best solution
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3. Optimizing a 4-photoelastic modulator MM ellipsometer

Fixed # of intensities (100000) varying

sampling frequencyFixed sampling (500 kHz) varying # of intensities

Simulations
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3. Optimizing a 4-photoelastic modulator MM ellipsometer

Standard deviations (x500) after 5 averages (experimental) in transmission (air sample)

Fourier 

Pseudo-inverse
x500x500 x500

x500x500x500x500

x500 x500 x500 x500

x500 x500 x500

x500
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4. Spatial dispersion

k

Spatial dispersion is the non-local dependence of material parameters (the response to the field occurs over a 

neighborhood of the point where the field is applied)

Origin: Finite wave vector of light,    , which breaks symmetry of light-matter interaction

( , ) ( ) ( ) ( )ij ij ijk k ijkl k lk i k k k       = + +

First order term

Optical activity (consequence of 

spatial dispersion). e.g. to “see” the 

handedness of a structure the finite 

wavelength of light or wavevector 

must be accounted

Second-order term

Usually, this is the term called 

spatial dispersion.

1 1( , ) ( ) ( ) ( )ij ij ijk k ijkl k lk i k k k       − −= + +

1
a



Expansion in powers of k

2
a



 
 
 

a



In natural materials, spatial dispersion can be only observed as a weak effect

In metamaterials it can be a large effect
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4. Spatial dispersion

Experimental History

H. A. Lorentz prediction of the effect in 1879 and an 

“unclear” experiment in NCl (1921) Transmission

First clear experimental demonstrations by Pastrnak

and Vedam in Si and by Cardona and Yu in GaAs 

(1971) Transmission

Above Band-Gap measurements by Aspnes and 

colleagues (1980’s and 1990’s)  Normal incidence 

reflection

Implications of spatial dispersion in UV optics. 193nm and 

157 nm lithography (early 2000’s) Transmission
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4. Spatial dispersion
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(same form as piezo-optic tensor)

( , ) ( ) ( )ij ij ijkl k lk k k     = +

Cubic crystals (classes m3m or Oh) symmetry

Expressed as a 6x6 matrix:

Both for transmission and reflection measurements, only the linear combination

can be measured
11 12 442p   = − −
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4. Spatial dispersion

For silicon or other diamond cubic materials

(001 plane) (111 plane) (110 plane)

No anisotropy for 001k or 111k Anisotropy for 110kTransmission

Reflection
Cross-polarization depending on the azimuth for 110 

wafers

Extremely weak or no cross-polarization 

for 001 and 111 wafers
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4. Spatial dispersion

Transmission on a 110 silicon wafer (dual rotating compensator)

Wavelength (nm)

( ) 10− M I
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4. Spatial dispersion

Transmission 110 silicon wafer (dual rotating compensator)
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4. Spatial dispersion
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4. Spatial dispersion
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4. Spatial dispersion
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4. Spatial dispersion
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4.Spatial dispersion
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4. Spatial dispersion
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4. Spatial dispersion

Wavelength-by-wavelength fit with Berreman’s 4x4 matrix transfer formalism

• Determined Parameters (at each wavelength) :   Re( ),  Im( ),  Re( ),  Im( )p p 

• Experimental data:   4 Mueller matrix datasets between 200 nm - 800nm at different azimuths

• SiO2 Overlayer: fixed at 2.52nm from a previous combined fit (disregarding SD)

• AOI: 70.02º 
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4. Spatial dispersion
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* G.E. Jellison, Optical functions of silicon determined by two-channel 

polarization modulation ellipsometry, Opt. Mat. 1, 41 (1992)
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4. Spatial dispersion
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Proposal(a challenging measurement)

Using (110) Si wafers to assess the 

performance of MM ellipsometers 

(instrument’s sensitivity + mechanical 

accuracy in the orientation)
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