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The goal of this tutorial is to explain ellipsometry is to get an
intuitive understanding of Mueller matrix ellipsometry
without exiting the Stokes-Mueller formalism

In this presentation:
NO JONES MATRICES

NO PSI DELTA

NO COMPLEX NUMBERS
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1. Introduction. MM types
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Introduction. MM types

Mueller matrices

I [S, I
0, S1 [)C — 1 Phenomenological description of any
S = = = g linear scattering experiment
U Sz ]45 - ]135
/4 S, I -1 = Paul Soleillet (1902-1992)
- T T T - - ® Francis Perrin (1901-1992)
S =MS, = Hans Mueller (1900-1965)

out in
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Introduction. MM types

In Mueller matrix ellipsometry involving samples, we almost always choose our coordinate system such that:
*x axis — p direction
*y axis — s direction (for ellipsometers where the sample sits horizontally, this may seem
counterintuitive!)

p-polarization 7 SO I}
o | Q|| S| | L1
s-polarization angle of u 5, Lys =135
incidence V] _S3_ i I -1 ]
plane of
incidence
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Introduction. MM types

E.g. at Brewster angle

Unpolarized light Completely polarized

Brewster’s angle condition

_| 900 N .,\\.

Glass Slll‘f\

I P polarized light,

Partially polarized ® S polarized light,

p-polarization 1

angle of - 1

incidence

E 4

s-polarization

plane of
incidence
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Introduction. MM types

3 types of elemental Mueller matrices

Anisotropy in s/p 1 m,, 0 0

M, =

0 0 -m,, m,,

If there is no depolarization mm2 + m222 + m232 =1

ISI] {181
M, \Y _ Sy
0 0

S and p polarizations
are eigenpolarizations
of the Mueller matrix
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Introduction. MM types

3 types of elemental Mueller matrices

Anisotropy in 45/-45

M, =

0

—m,

If there is no depolarization m022 + m112 + m132 =1

_|S2|_

+45 and -45
polarizations are
eigenpolarizations of
the Mueller matrix
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Introduction. MM types

3 types of elemental Mueller matrices

Anisotropy in R/L Circular | 0 0 n,
M, =

0O -m, m, 0
my, 0 0 1

. L 2 2 2
If there is no depolarization m03 + m11 + m12 —
S5 | 1S5]
0 0
M, =
0 0

1

+ and - circular
polarizations are
eigenpolarizations of
the Mueller matrix
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Introduction. MM types

3 types of elemental Mueller matrices

The specular reflection
ellipsometric geometry
leads to MMs that
usually have this form
(or close to this)

p-polarization

s-polarization

plane of /

incidence

sample T
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01lsS,
015,
S| S,
C| S,

| S, - NS,
S, — NS,
CS, +SS,

| CS, - SS, |
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Introduction. MM types

Si -

Si with 1 nm SiO,
Si with 3 nm SiO,
Si with 5 nm SiO,
Si with 10 nm SiO,

-N
Different reflectivity
for p and s polarization

10F . - -
05} -N =1 5 i
0.0k Different reflectivity | Because p and s B u
2 for p and s polarization polarizations keep as p
0.5 ‘&S | and s without depolarizing B B
10k L | | | - | L I |
10F - = =
3\
05 - = C - S
0.0} . \ How much 45/-45  — . How mych.45/.—45 =
\ polarization stays linear polarization is
0.5 B 45 B converted to circular
10k L | - l | L | I
1.0 - u -
05} - - -5 - C
ook i i How much circular | i \ How much circular ~ _
' polarization is 1 % polarization stays
-0.51 B B converted to 45/-45 B circular
10k | | | L | | | | & | | | - | | |
200 400 600 800 1000 200 400 600 800 1000 200 400 600 800 1000 200 400 600 800

Wavelength (nm)

1000

Sensitivity to
the overlayer
thickness!!
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Introduction. MM types

Sioz on Si 30nm == == =555nm ®  Ambiguity Point
1:m . m -~ | m | m
One MM measurement is not | M IR 0 ”
. ’ : : \ :
enough => spectroscopic | ) RN ;
A
1 my D M4 . M2 M3
0.5t n 7 \ ¢ ;
I\ p \
] I\ / \\— * l
A U i
aste o | |
Ak |
T m  m m ~m rs n
20 5 21 22 L 23 N /
. . . 0.5 : = :
Retardance information is | ‘l'l\\"& n
o 0 ® ' :
experimentally accessed NS B e 1‘ AN !
. L5 : 1 : Il : 2 | I ;
only through cyclic > A A RN
trigonometric functions, '19,"30 ., | ., ] — T~ ., i |
which map infinite possible os| [ IR R
phase delays onto a 0 LI “ .
. : : : : - -
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2. MM symmetries
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MM Symmetries

Ellipsometry MMs are not always block-diagonal

1 -N 0 O]
N 1 0 0 Block-diagonal=> ISOTROPIC (may be depolarizing or non-depolarizing)
0 0 ¢ S Non-block-diagonal=> ANISOTROPIC (may be depolarizing or non-depolarizing)
0 0o -5 C

Caution! Isotropic materials can lead to a substantially nonsymmetric Mueller matrix if the sample
is poorly aligned.

Sample misaligned

|
: with respect to the
/ / . / plane of incidence
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MM Symmetries

These elements are small (e.g.<0.2) Exceptions

even for materials with large ansisotropy 1. Bulk propagation contributes to the measurement

_ - B 1 2 3
My, My | My, My, Medium 0 ™\ goy T"’{ e
To1 R
m m m m Medium 1 4| ANISOTROPIC MODERATELY
M _ 10 11 12 13 THICK OVERLAYER
Myy Nyl My My, Medium 2 | 2 \s
my, M| m, My 2. Structural anisotropy (gratings, beetles)
m - D.; My My, M My
o /\/\_\1 ~ | VPP
0.; M W M M |
s | A | Ve e ——
05 My My My My,
o e LT e

-1
300 400 500 600 300 400 500 600 300 400 500 600 300 400 500 600
Wavelength (nm) Wavelength (nm) Wavelength (nm) Wavelength (nm)
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MM Symmetries

No crosspolarization (preservation of Uniaxial
eigenpolarizations)

In the isotropic case and some anisotropy situations of
high symmetry. /

1 my, 0 0] |

my, 0 0 Biaxial (orthorombic)

1
M, =
0 0 m,, M,y
;o /
|

i My My, | /
|
This symmetry appears whenever the Arrows are Principal axes (P.A)

sample coincides with its own mirror
image with respect to the incidence plane

(i.e. the sample is mirror-symmetric with
respect to this plane) 7

Arrow is P. A.

Biaxial (monoclinic)
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MM Symmetries

Uniaxial

Anti-symmetric crosspolarization

1 my, My, — My,
m m m m
01 1 12 13
M =
—My, —my, My, Ny
| My, my =Ny Mys
A 180°-rotation of the sample about its /

normal brings it in its initial position |

Arrows are Principal axes (P.A)

Biaxial (monoclinic) W

y

Arrow is P. A. |
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MM Symmetries

Symmetric crosspolarization Uniaxial

% I

|~y My My Mgy BlaxTI (orthorombic)

The sample is mirror-symmetric with

respect to the plane perpendicular to the / /
incidence plane and containing the —
sample normal Arrows are Principal axes (P.A)

Biaxial (monoclinic)

Arrow is P. A. |
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MM Symmetries

There is no contrast
about the change of
refractive index along
the direction of
propagation of light!

Oriol Arteaga

When the angle of
incidence approaches zero
this is the most general
possible symmetry

Measures

« Differential phase
retardations
 Differential reflectivity

In this situation typically off-diagonal
elements are very small and
measurement is close to

10 0 0
01 0 0
100 -1 0
00 0 -1

\uuvvu_yu IUUIHI vl \J]IIIIIIULI]I

Similarly, at grazing incidence (AOI
close to 90°)

1 0 0 O]
01 00
10010
000 1
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MM Symmetries

Example: Anthracene crystal (monoclinic) O O O

9
1
Moo Moy, Moz Moz
0.5
0
-0.5
-1 —
1
My My, Mz M3
0.5
0
1 my 0 0 -0.5 — M
m, 1 0 0 -
M, = i M. M M.
20 21 22 23
0 0 My, My 05 —~ M —
0 0 -—my my | 0 w\nf'L
-0.5
-1
1 M. M M. M
30 31 32 33
O ﬁ
-0.5
-1
200 400 600 200 400 600 200 400 600 200 400 600
Wavelength (nm) Wavelength (nm) Wavelength (nm) Wavelength (nm)
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MM Symmetries

Example Anthracene (monoclinic) =

9
1
Moo Mn Moz Mos
0.5 n
0 \ ! A
-0.5
1 l’ '
1
M arm M, M
0.5
0 . \
o
[ ] 09 W
1 My, My, My 1
M = my, My My My o Mo
- 0.5
My My My My 0 ,;"-f
o
My —My; =My, My, 05
-1
1
Ms M3,
0.5
\ .
0 —— ff
-0.5
-1
200 400 600 200 400 600 200 400 600 200 400 600
Wavelength (nm) Wavelength (nm) Wavelength (nm) Wavelength (nm)
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MM Symmetries

Example Antracene (monoclinic) -

Ly

1

AI()[) MOI M02 MOS
0.5
0 M
A~ e any
-0.5 W
1
1 ~
M, W Mo M3
0.5
0 o~ P
B 7 -0.5
1
| My My My My My My, My
M= 0.5
My, My My My 0 M

0.5
My, My My Ny | 1

1
M3y M3
0.5

N 'l

-1
200 400 600 200 400 600 200 400 600 200 400 600
Wavelength (nm) Wavelength (nm) Wavelength (nm) Wavelength (nm)

M3y
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3. Depolarization
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Depolarization

Depolarization is the reduction of the degree of polarization of light. Typically occurs when the emerging light is

composed of several incoherent contributions.

Sfin M Sout

N
\
’

o —
N ——— ———
o —
N —— — ———

4
~
o

d
~
d
4
\
~

N —— — —— — —

4

4
[ e g T g

4

’

N -

Incoherent sum: Mueller matrices: M=M,+M,,

0 1 -N, 0
1|l-N, 1 0

0
200 0 C S| 200 o
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Incoherent sum of waves

Light spot

Zone2
Depolarization

1 —~(N,+N,)/2 0 (—
—~(N,+N,)/2 1 0 0
0 0 (C,+C)/2 (S, +8,)/2
0 0 —(§,+5,)/2 (C,+C,)/2

1
4

[(N,+N,)" +(C+Cy)* +(8,+85,)°1<1
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Depolarization

m—

Thickness non uniformity Angular spread Backside reflections

* Images from J. A. Woollam tutorial

Parasitic light contamination

I -N, 0 0] [too0o0][ I -NJ/2 0 0
1-N 1 0 o 1foo oo [-v2 Qo 0 0
200 0 ¢ S| 20000 | o 0 G2 S/2
0 0 =S ¢] 0000 | O 0 -S/2 G2
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Depolarization

In anisotropic systems, depolarization will “usually” will NOT break the symmetries

A symmetric matrix Can be non-dep. A non-symmetric matrix Can be non-dep..
* Can be depolarizing * Can be depolarizing
1 m, My, My, My, My Ny, My, Depolarization index
m m m m m, m, m., m
01 1 12 13 10 11 12 13
M= M= 2y = Mg,
My, Ty, Ny, My, Myy My My, My DI T
| Moz My —Myy My | | My My My My | \Emoo
0<DIL]

Symmetric situations have the advantage that even depolarizing samples can be studied without full MM systems
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Depolarization

Example general case

. .. 0.04
6H-SiC wafer (uniaxial) 1.00 0.82] 0.08
1.8 .06 0.021
1146 - — -Experiment| ~U-36] 0.04 0.001
- Calculation) ) 8&4 24 \ 0,07
¢ ' DI1| -0.90] 0.004 m,, Mya
h . . -0.80 " e ' N '
2 Depolarization | | : 0.00 _ | oo
e/ 0 0 -7 _xh o 0.961 0,04 - .00
: 0,58 )
0924 (015 0044
0 € 0 m, . My ol m,
0 0 e I -0.92 0124 . — - : : :
z noa| ' ' 'E'iz 0.12
(a) | lncuanr:]'em .4 0.00] o0 0.08{ =
- axis \
i Coherent’ 0.0 0,44 0.041
W x / PN {0,001 -.48 0.00)
| 1 M| -0.08] My 052 = ) m,,
Isotropic . = , : — . . =
. ' —]  0.08] ' oo -
0.02; - -0.361
. : 041 0.04
Anisotropic \ 0401
\ 0.004 0.001 -0.08 -0.44
. 0.02 o 0.12 m.|
Isotropic . Mol 0.08] M) I P S |
. - . : 400 500 600 700 800 400 500 600 700 800 400 500 600 700 HO0 400 500 600 700 800
H. Li, et al. Journal of Applied Physics, 128(23),
Wavelength (nm)
235304. (2020) No symmetries if the OA is not parallel/perpendicular to the plane of incidence /sample plane
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4. Complete vs incomplete MMs
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Complete vs incomplete MMs

Rotating-¢clement MME

Light Pr 5 Ar
solrce Vi T X Yo' Detector
(a) O > N > 900 N >
u 00 - L| |
*® # % @

Mueller motric

Light Py 5
I —

source 2009 -
(} ‘ 000
(b) 000 -
o000

)0

A
D Detector
[':ILI

lr-|.
=)

=)0

D Detector

Muefer motric

PEM-element MME

Light P PEM 5 PEM A
- =
source ﬂ Detector
{I'.!] u
0 45° Mueller matric a0° 457
Light P PEM PEM 5 FEM PEM A
‘ — e ] —r e

souree ( ¥ X ] ) Detector
i o009
o099
29080

0= 45 OF Mueller matrix (" 45 0F

P. S. Hauge, Surf. Sci. 96(1-3), 108—140 (1980)
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Complete vs incomplete MMs

Rotating-clement MME 9 ELEMENTS MEASURED

Light Pg

source “ﬁ"
(a) O > u >

Mueller motric

For non depolarizing samples the full MM can be reconstructed

Ap
=) Detector
|_| o R. Ossikovski and O. Arteaga, "Complete Mueller matrix from a partial polarimetry experiment:
u | the nine-element case," J. Opt. Soc. Am. A 36, 403-415 (2019)

R. Ossikovski and O. Arteaga, "Completing Experimental Non-Depolarizing Mueller Matrix with
Both a Row and a Column Missing," J. Opt. Soc. Am. A accepted (2026)

900

PEM-element MME
( very fast reconstruction, no delay in the acquisition

Light P PEM 5 FeM A + see my talk on Thursday for more examples)
source ﬂ Detector
(e) | I H But there are two solutions!
0 457 Mirelfer meiric air 457 a B
O O O tm,, O o fm, O
O O O  fmy tmy, tmy,  om,  Emg,
O O O ztm, o O =my O
_|_
| tmy, tmy, Etm,  my - O o *my; O |
Here we cannot always chose the right Here we can always chose the right
solution! (retardance ambiguity!) solution!
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Complete vs incomplete MMs

Rotating-clement MME 9 ELEMENTS MEASURED

P S A crunchin
- ! g binning
L.I.E,hl. I!_R'\ j:_H," @3 9 1- 1- 1- 1-
source L X 1 X Detector oo N
. ... - Ii - 0.5- 0.5- ¢ 4 0.5- 0.5-
{a] - > - * enable ND correction e .
L e N e : it o o
L ) Mo reconstruction 4 .'.
-0.5- -0.5- * -0.5- -0.5-
lil il'”':.jrh.-r [Tl © Full reconstruction
O symmetries 1- ‘ ‘ ! I -1, ! ‘ : . -1 ; ; ; I -1-. ; ; : .
400 500 600 700 800 860 400 500 600 700 800 860 400 500 600 700 800 860 400 500 600 700 800 860
PEM-clement MME
1- 1- 1- 1-
k] ) I ~
Light | LM 5 PEM A 05- . 05- 05- 05-
; - ¢ .
source o9 -0 ﬂ Detector ot % o R 0- et
L
» *
s
{L!] -0.5- °\_—-'/ -0.5- -0.5- -0.5-
0° 45° 9()° 457 400 500 600 700 800 860 400 500 600 700 800 860 400 500 600 700 800 860 400 500 600 700 800 860
- Mirelfer meiric -
1- 1- 1- 1- 3
.
0.5- 0.5- 0.5- 0.5- S
.
0- (I - 0- 0- e
N o’\/ .
-0.5- -0.5- 05 8 05-
9 L]
L
400 500 600 700 800 860 400 500 600 700 800 860 400 500 600 700 800 860 400 500 600 700 800 860
1- 1- 1- 1-
2]
.
0.5- 0.5- 05 ° 05-
.
0- 0- 0-* 0-
. \/
&
-0.5- -0.5- -0.5- - -0.5- '\‘.v.
*
A
| 400 500 600 700 800 860 400 500 600 700 800 860 400 500 600 700 800 860 400 500 600 700 800 860
Ta I k on Th u rSday . Black points are measured, red points are real-time reconstructed (under the non-depolarization assumption)
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Complete vs incomplete MMs

Lisht Py S Ck A 12 ELEMENTS MEASURED
SOUrce “ﬁ‘ T K “ﬁ‘ Detector
- 2909 - . .
(b) O > u > 900 - u @r non depolarizing samples the full MM can be reconstructed\
00 0" Razvigor Ossikovski, Oriol Arteaga; Completing an experimental nondepolarizing Mueller matrix
Mueller matrix whose column or row is missing. J. Vac. Sci. Technol. B 1 (2019)
_ p C g A O. Arteaga and R. Ossikovski, "Complete Mueller matrix from a partial polarimetry experiment:
Light * - i the 12-element case," J. Opt. Soc. Am. A 36, 416-427 (2019). Very fast

{]{}

Mueller matrix

Only one solution!

( very fast, no delays)

For depolarizing samplesthe 15 o o gmmenry]
fuII MM can be rfaconstructed O O O symmetry
if using symmetries
O O O symmetry
= | O O O algebraic
\ \ v ‘ To be p

ublished j \
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Outline

5. Conclusions
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Conclusions

» A phenomenological understanding of Mueller matrix elements is
relatively easy to obtain. In many cases, interpreting the Mueller
matrix is actually the easiest part of the experiment analysis.

« Symmetries or assymetries of a MM give information about the
orientation the sample and/or the crystallographic system

- - « For intrinsic anisotropy the non-diagonal Jones elements are small
and the Mueller matrix is close to a NSC matrix. If they are large
suspect about structure-induced anisotropy or misalignement of the
sample
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